IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Gamow functionals on operator algebras

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2001 J. Phys. A: Math. Gen. 34 10067
(http://iopscience.iop.org/0305-4470/34/47/312)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.101
The article was downloaded on 02/06/2010 at 09:43

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/34/47
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 34 (2001) 10067-10083 PII: S0305-4470(01)27219-9

Gamow functionals on operator algebras

M Castagnino', M Gadella’, R Id Betan' and R Laura'

I Facultad de Ciencias Exactas, Ingenieria y Agrimensura, Av Pellegrini 250, 2000 Rosario,
Argentina

2 Departamento de Fisica Teérica, Facultad de Ciencias, c./ Real de Burgos, sn 47011 Valladolid,
Spain

Received 11 July 2001, in final form 11 October 2001
Published 16 November 2001
Online at stacks.iop.org/JPhysA/34/10067

Abstract

We obtain the precise form of two Gamow functionals representing the
exponentially decaying part of a quantum resonance and its mirror image
that grows exponentially, as a linear, positive and continuous functional on an
algebra containing observables. These functionals do not admit normalization
and, with an appropriate choice of the algebra, are time reversal of each other.

PACS numbers: 03.65.Db, 02.30.Sa, 02.30.Tb

1. Introduction

The goal of the present paper is to give a precise definition of the Gamow functional on
a formalism that has been used previously to discuss a variety of topics such as resonance
behaviour, decoherence, generalized states with diagonal singularity, etc [1-5]. This formalism
has been inspired in previous work by Prigogine and collaborators [6—8].

Gamow vectors [9] are generalized eigenvectors of the total Hamiltonian, in a resonant
scattering process, with complex eigenvalues given by the simple poles of the analytic
continuation of the S-matrix [10] or the reduced resolvent [11-14]. As the Hamiltonian is
a self-adjoint operator, its eigenvectors with complex eigenvalues cannot live in a Hilbert
space but on certain extensions of the Hilbert spaces: the rigged Hilbert spaces (RHS)
[10, 12, 13, 15]. Gamow vectors represent the exponentially decaying part of a resonance (for
a discussion on the decay in quantum mechanics, see [16]). The question arises that whether
a Gamow vector represents a truly quantum state, i.e. an element of the physical reality.

In conventional quantum mechanics in Hilbert space, let |¢) be a pure state; its
corresponding density operator is given by p = |¢){¢|. The operator p represents the
state |¢) in the Liouville space and, therefore, this is the object that should represent the
state in quantum statistical mechanics. Thus, if we accept that the Gamow vector represents a
quantum state, it must have its counterpart in quantum statistical mechanics. Since the Gamow
vector belongs to an extension of the Hilbert space, its corresponding density matrix should
belong to an extension of the conventional Liouville space, called the rigged Liouville space
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(RLS) [17]. Although we can construct rigorously a dyadic product of Gamow vectors in the
RLS, these objects do not satisfy the minimal requirements to be a state. In particular, objects
like tr (] fo){ fol) or tr (| fo)(fol H), where | fo) is the Gamow vector, are not defined. In other
words, objects like (fo| fo) and ( fo|H| fo), representing, respectively, the normalization and
the mean value of the energy of a Gamow vector, cannot be defined. We have studied the
properties of Gamow dyads in RLS in [18].

In statistical mechanics, states are also represented by continuous positive and normalized
functionals on an algebra of observables [19]. This is the approach we wish to analyse in this
paper. We shall construct an algebra of observables in which the Gamow ‘state’ can be defined
as a continuous functional on this algebra. This functional is characterized by its decay mode
and is also positive, but cannot be normalized (as its normalization results to be zero). Worse
of all, the expectation values of the integer powers of the Hamiltonian, H", n = 0, 1, 2, ...,
vanish. As a result of this discussion we conclude that the Gamow functional cannot represent
a quantum state even if we admit the existence of particles with a purely exponential decaying
mode.

This approach does not restrict its interest to statistical mechanics but is also suitable for
applications to the theory of decaying nuclei [20].

To better understand the notion of Gamow functional, we need to use the notion of rigged
Hilbert space (RHS). An RHS is a triplet of spaces

®CHCP"

where H is the Hilbert space of pure normalized states of a quantum system, ® is a space
of test vectors (usually a space of functions called the space of test functions) with its own
topology which is stronger (in the sense that has more open sets, less convergent sequences
and that the canonical injection i: ® — H, i(¢) = ¢, is continuous). ®* is the antidual
of ® or the space of all continuous antilinear! functionals from & to C. It is precisely this
extension ®* of the Hilbert space which allows the existence of generalized eigenvectors of
an observable [15].

This paper is organized as follows. In section 2, we define the algebra of observables
compatible with the ‘free’ or unperturbed Hamiltonian H,. In section 3, we define the notion
of states as functionals over this algebra. In section 4, we define the algebras of observables
compatible with the total Hamiltonian H and the Gamow functionals on it. We can define
these algebras in various ways and, with an appropriate definition of the algebras, the Gamow
functionals are time reversal of each other. We conclude the paper with a mathematical
appendix, in which we study the mathematical tools used in our study.

2. The algebra A, of observables

The most intuitive model that produces quantum resonances is possibly the resonant scattering
model, in which we assume the existence of a resonant scattering process [10] with two
dynamics. The unperturbed or free dynamics is given by Hj and the perturbed dynamics by
H := Hy+ V. We assume also that the M¢ller wave operators exist and that the scattering
is asymptotically complete [21]. In this case a theorem by Gelfand [22] and Maurin [23]
states that there exists a complete set of generalized eigenvectors of H (in a suitable RHS),

' A functional F on & is antilinear, if it is a mapping from ® into C with the following condition
Flag+py)=a"Flp)+p" F(y)

where the star denotes complex conjugation.
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|E), for all E in the continuous spectrum of Hy (which we assume to be simple and equal to
R* := [0, 00)):

Ho|E) = E|E) E € R*.

The vector |E) belongs to the dual space ®* of an RHS, ® C H C ®* and the
completeness means that

1ﬁ=/mdEmmun=/wdE/wdFME—EvEWMEL )
0 0 0

Therefore, the expression (1) for Hy means that Hy € L(®, $*), i.e. the space of continuous

linear operators from ® into ®*; see also [18]. The action of |E) on the test function ¢ € ®

gives [¢(E)]*, the complex conjugate of the value of ¢ at E. We also have that (E|¢) = (¢|E)*.
Equation (1) allows us to obtain, at least formally, the following matrix element:

(E/IHoIE”>=/0 dE E(E'|E)(E|E"). (@)

Since (E'|E) = §(E — E'), where the deltas are relative to the integration from 0 to oo,
(2) is equal to E'§(E’ — E") and, therefore, it is well defined as a distributional kernel.

Definition . An operator O is said to be compatible with Hy if it has the form
0:/ dE OElE)(E|+/ dE/ dE' Opp |EY(E'| 3)
0 0 0

where Og and Og g are ordinary functions® on the variables E and E' (see appendix). Here,
the function O is an entire analytic function in a class® that contains polynomials in E. The
function Ogg should be of the form

Orp =Y hij Vi(E) ¢;(E) )
ij
where W (E) ¢;(E') € Z, i.e. are entire analytic functions on the variables E and E' (see
appendix for a definition of Z). As we see later, this is not the only possible choice for the
functions Ogg, although it must be, in any case functions on the complex variables E and E'.
The sum in (4) is finite.

It is important to remark that the set of observables compatible with Hy is an algebra,
which we denote as Aj. See appendix for the definition on the algebra operations on Aj.

At this point it would be convenient to justify our choice. In fact, we want the following
properties for the set of observables A, compatible with H:

(1) A should be an algebra. This permits the use of the traditional point of view according
to which observables form a (topological) algebra and states are continuous, positive and
normalizable functionals on this algebra [19].

(i1) The precise choice of .4 is largely a matter of convenience. First of all, the set of states
must contain those which are physically meaningful. All the other criteria, do not seem
to be very essential from the physical point of view.

For instance: What kind of observables should we include in Ay? Should functions on
H,, including H itself, be included in Ay?

Although at the first sight one is tempted to give a positive answer to this question, we
should notice that we want to discuss the nature of Gamow objects. These Gamow objects

2 Here we are using the notation in [1-4, 20].

3 This class is the sum P + Z of the space P of the polynomials, considered as entire analytic functions of a complex
variable, plus the space Z of entire analytic functions introduced in the appendix.
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are supposed to describe an aspect of resonance behaviour and resonances are assumed
to be produced in resonant scattering [10]. But then, our question not always has a
positive answer in scattering theory. For instance, in the algebraic theory of scattering
developed by Amrein et al [24], the algebra .4 contains only bounded operators in the
bicommutant (operators which commute with those commuting with Hy) of Hy. Since H|
is not bounded, H is not in the Ay of [24].

(i) What is really relevant here is that the algebra of observables be spanned by the dyads
of the form |E)(E| and |E)(E’|, where E and E’ run out the continuous spectrum of H.
To see this, at least intuitively, let us note that for a pair of state vectors i, ¢ and an
observable O, we have

(¥10lp) = /<W|E>(EIOIE’>(EI¢> dE.

Then, if the kernel (E|O|E’) satisfies the van Hove hypothesis* [3, 6],
(E|O|E"Y = O 8(E — E') + Opp

we have that
(¥]0|p) = /(WIE)(EW)) Og dE+/(WIE)<E’I</)) Opp dEdE’

from where (4) follows.
Then the choice of the functions O and Ogg: gives the observables that we want to
consider.

(iv) As we shall see in the next section, we want to include in the formalism states which are
outside the Hilbert—Schmidt space (and therefore are not density operators on the Hilbert
space) and we have to adapt the algebra so as to include these singular objects.

(v) Since we want Gamow objects that are continuous functionals on operator algebras (not
on A4 but instead on the derived algebras A, to be defined in section 4) and since Gamow
functionals are characterized by certain complex numbers (of the kind Ex — iI'/2, where
Ep is the resonant energy and I' the width [10]), it seems reasonable that the functions
Ogp be defined over a complex domain. Analyticity of these functions over this domain
will then allow us to perform all kinds of operations that are customary in the study of
resonances and Gamow vectors: contour integrals, calculus of residues, etc. [10, 12, 15,
20].

(vi) The issue whether the algebra Ay (as well as the algebras A to be defined in section 4)
has a precise physical meaning has the same answer as a similar question that has been
addressed by the RHS: Given an RHS ® C H C ®*, what is the physical meaning of
the space of test vectors ®? Should ® be contained or even be spanned by the space
of pure states which are physically preparable? Not neccesarily, for if ® is dense in
‘H, any physically preparable state can be approached by a vector in ® as much as we
want, with respect to the norm of . This norm is produced by the scalar product, what
gives the transition amplitudes. As a matter of fact, the space ® is chosen for topological
convenience as well as to determine the size of the dual space ®*, which must contain
all generalized states (like plane waves). Thus, the specific form of the algebra .4 is also
determined by mathematical convenience.

Once we have motivated the choice of 4, let us comment some of its properties.

It is interesting to note that the operator O commutes, according to the definition of the
product in the algebra given in the appendix, with H if and only if Ogg = 0. The proof of
this statement is also presented in the appendix.

4 This hypothesis was introduced by van Hove in his study of unstable quantum systems.
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In the appendix, we have also given the topology on the algebra Ay that will allow us to
define continuous functionals on Ay. We want to add that this topology makes the following
mappings continuous:

forall E, E’ € C, where C is the complex plane. According to a useful notation [6], we can
represent these two functionals as (E| and (E E’|, respectively, so that

Or = (E]0) Orr = (EE'|0) (6)
which yields

0= /DO(E|0)|E)(E|dE+/DodE/DOdE’(EE’|O) |EY(E|. 7

0 0 0

This notation is consistent with [6]

[EXE| = |E) |E)(E'| = |[EE") (3)
and

(Elw) = 8§(E — w) (EE'|lww') = 8(E —w)S(E' —w). )

Taking into account that (E|E’) = §(E — E’), where the delta refers to integration from
0 to oo, we also obtain that

(E|O|E') = Op 8(E — E') + Ogp. (10)

It is also important to remark that only self-adjoint elements of .4, should be considered as
observables. The condition for self-adjointness in our case is very simple. The formal adjoint
of O is given by

ot ::/ dE 0;|E><E|+/ dE/ dE' 0% |E')(E|. (11)
0 0 0

It is easy to show that this definition is consistent with the formula (¢, Ov) = (Ofe, V),
when ¢, ¥ € ® and (—, —) is the scalar product on the Hilbert space H (see (14)). Here, &
is the space of test functions introduced earlier, on which |E) applies.

Definition . We say that O is self-adjoint if O = O'. An operator O of the form (3) is an
observable if and only if it is self-adjoint.

Proposition 1. The operator O is an observable if and only if

where ‘x’ means complex conjugate.

Proof. Let us assume that O is an observable. Then, it is immediate to show that
(E|O|E") = Op8(E —E')+ Ogp
(E|OT|E'"Y = O 8(E — E') + O} ..

Since O = O, (13) implies that O = O} and Ogp = O}. Reciprocally, if these two
equations hold, then, for any pair of test vectors ¢ and ¥, we have that (¢, Oy) = (OT(/), V),
as we can easily check. Observe that Oz is complex in general. U

13)

Now, we are more interested in clarifying the formalism we use here and the role of
quantum states on it. We do this in the next section.
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3. States

The theorem of Gelfand and Maurin [22, 23] establishes the existence of anRHS ® C ‘H C ®*
such that if ¥, ¢ € ®, we have

W.¢) = /0 (WIE)(Elg) dE (14)

where the brackets (-,-) denote scalar product on the Hilbert space H. If we omit the arbitrary
vector ¢ € ® in (14), we have

</)=/0 |E)(Elp) dE. 15)

However, formula (15) is inconsistent as far as its right-hand side is a functional on ® (and
therefore a vector in ®*) and its left-hand side is a vector in ®. As ® C ®*, ¢ can be also
looked as a vector in ®*. For convenience, we introduce the identity mapping / that maps a
vector on P as the same vector as member of @*. This identity can be written as

! =/°°|E><E|dE. (16)
0

At this point, we can start the discussion on states by calculating the mean value of a pure
state v, considered as a vector with norm one on the Hilbert space H, on the observable O.
This is given by

(v|0ly) = [/0 dE (WIEHEI} [/0 dE" Op |E')(E'|

00 00 00
+ / dE// dE" OE’E” |E/><E//|i| [/ dE" |E///> (E///|I/f>i|
0 0 0

=/0 dE|<¢|E>|ZOE+/0 dE/0 dE Ogp (WIEVNE'|¥)

=/0 dEW’(E)'ZOE""/O dE/g dE' Opp Y™ (E) Y(E). a7

Obviously, this comes after (¢]¢) = 8(e — ¢), whene, ¢ = E, E', E”, E"”. We can use here
the notation pg = | Y (E)|> and prr = ¥*(E) ¥ (E’). Note that pr = peE.

Now, let p be a mixture of states. Then, p = > A; [} (Y| with >0, = 1,2 > 0
and (;|¥;) = 8;;. The mean value of the observable O, compatible with H, in the state p is
given by

trp0 = Zki (YilO1¥i)

- Y /OOO dE [Wi(E)P 05 + 3 0 /ODO dE /OOO dE' Opp v (B) ¥ (E')
- /0 dE [Zm nm-(E)P] Or
+/°° dE /Do dE' Opp |:Z)ui$i*(E) wl(E/):| . (18)
0 0 -

We call pg := >, A; [ (E)[> and ppp := >, i ¥ (E) ¥;(E’). Note that p is real and
pep 1s complex in general. It is also true that pg = pgg.
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Now, observe that in both cases we can write the state as
o0 o0 o0
P =/ dE pg (E|+/ dE/ dE' ppp (EE'| (19)
0 0 0

so that when applied to the observable O written as

o0 o0 o0
0 = / dE O¢ |E) + / dE / dE' Opp/|EE") (20)
0 0 0

gives the result

o0 o0 o0
(p|0) :=tr pO = / dE pg O +/ dE/ dE' ppe Oppr (21)
0 0 0

where we have used the relations (9). For the two choices (17) and (18), p in (19) defines a
continuous positive and normalized functional on .4, and therefore a state.

At this point, we observe that the algebra Ay is a direct sum of two subalgebras, the
algebra ®B spanned by

/0 dE Oz|E)  (IE) = |E)(E])

and the algebra ¢ spanned by

/ dE/ dE' Opp/|EE") (IEE") = |E){E')).
0 0

Both algebras do not have common elements other than the zero (see appendix). Therefore
Ao =B + € is a direct sum. As a consequence, every continuous linear functionals on .4 is
the sum of a continuous linear functional on %5 plus a continuous linear functional on €.

The algebras B and € are, respectively, isomorphic to the algebras of the functions of
the form Og and Ogg. Therefore, Ay is isomorphic to the algebra of pairs of functions
(Og, Ogg) with a product that can be immediately obtained from the product on Aj.

From all this, we conclude that the most general form of a state on .4y is of the form (19)
being pr and pgp continuous linear functionals (distributions) on the spaces of functions of
the form Og and Ogp/, respectively (see appendix).

In this formalism, we see that there are three kinds of states:

(i) Pure states. A state is pure if and only if there is a square integrable function ¥ (E) such
that pg = [ (E)|* and pgg = Y*(E)Y (E).
(i1) Mixtures. For mixtures pgpr = pg.
(ii1) Generalized states, which are all others.

Remarks

(i) Pure states and mixtures have the property that pr = pgg. The converse is also true, if
pee 1s well defined and pg = pgE, then (19) represents either a pure state or a mixture,
i.e., it admits a representation as a density operator on Hilbert space. On the other hand,
generalized states cannot be represented as a density operator on a Hilbert space. The
need for generalized states has been established by van Hove first [5] and a mathematically
consistent definition of them was given in [6]. Our formalism is clearly inspired in [6],
although our goals are different as we try to understand the role of the Gamow objects
onit.

(ii) There are two kinds of generalized states, those for which p(E, E) is well defined
in a distributional sense and those for which it is not. For example, assume that
p(E,E") = 8§(E — Ep) 8(E’ — Ep). In this case, obviously p(E, E) does not make
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sense. If for a given state p(E, E) is well defined, this is a generalized state if and only

if p(E) # p(E, E).
The evolution of the state p under the free Hamiltonian Hy, is

(00) = (po| "™ O eMh)

= / dE Ogpr + / dE / dE Opp " E) pppr. (22)
0 0 0

If Ogp is bounded and p is a mixture, due to the integrability of Zi M U (E)Y(E),
then O ppp is also integrable and the second integral term in (22) vanishes as t —— 00
as the result of the Riemann—Lebesgue lemma. After the limit process, only the first term
remains. This fact is usually called decoherence.

4. The algebras A, of observables

The algebras A, play the same role with respect to the total Hamiltonian H as the algebra A,
with respect to H.
First of all, let . be the M¢ller wave operators, defined customary as [21]:

T itH —itHy _+
L= lim ey =
and
Q¢ = lim ey =g

= —00
whenever these limits exist. The Mgller wave operators relate state vectors which evolve with
the total Hamiltonian A with state vectors which evolve with the free Hamiltonian H, and that
are asymptotically (as # —> =+00) identical (in our case ¢ evolves freely and ¢* with H and
limy 100 (€70 — e7"H p*) = 0).
As the M¢ller wave operators are assumed to exist, let us define [15]°

|EE) = Q4 |E). (23)

The definition (23) makes sense as proven in [15]. Now, take O as in (3) and write

0* = Q. 00l (24)

Since (23) implies® that (|2, = (E%|, the operators O% can then be written as

0i=/ oE|Ei><Ei|dE+/ dE/ dE' |EXV(E™| Ogp. (25)
0 0 0

5 If we define ®* := Q4 &, we have two new triplets
®E CH C (dF)™

where H is the absolutely continuous part of the Hilbert space with respect to H (see [21]). The Mgller operators
can be extended to bicontinuous mappings from ®* into (®¥)*, so that (23) makes sense. This definition is made
through the duality formula

(QlE) = (Qup|QL|E) = (97 |EF)

where ¢ is an arbitrary vector in ®.
6 To see this, write (E|¢) := (¢|E)* with ¢ € ®. Then

(E%19%) = (Elg) = (E1QL.Q4]p) = (1) p%).

This expression is valid for any ¢ € ®*. Then (Elﬂl = (E™| follows.
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We say that an operator’ OF is compatible with H if and only if, it can be written in the
form given in equation (25). Since

(E*|w*) = (E|QL Qulw) = (E|w) = 8(E — w) (26)
we obtain that the operators of the type O* and O~ in (25) form respective algebras that we
call A, and A_ (see in the appendix how to define the product for two elements of A,. After

(26), it is clear that the product in Ay is defined analogously). Since the operators 2. are
unitary®, the algebras

Ai = Qi A()QL[

are isomorphic (algebraically and topologically) to the algebra Aj.
States on these algebras have the form

pT = / pe(E*|dE + / dE / dE' pgp (EE™| (27)
0 0 0
where
(E*|0%) = Og (EE™*|0%) = Ogp. (28)
The operators (25) can also be written as
o* = / dE O |E®) +/ dE/ dE' Ogp |EE™) (29)
0 0 0
so that
(EF|w®) = 8(E — w) (EE* |lww™®) =8(E —w)S(E'—w').  (30)

This means that the operational rules in AL are the same as in .4y. The same can be
said about the topology as the components O and Ogg of both algebras are the same. This
topology is transported from A, to A4 by the M¢ller operators. Also pure states, mixtures
and generalized states with diagonal singularity can be written as functionals on A exactly
as on Ag. Time evolution of p* with respect to H is of the form

(pF|o0%) = / dEpg Op + f dE / dE' " E~E) prp Opp (31)
0 0 0

Observe that the first integral in (31) does not evolve in time. The second part vanishes for
t —> 00 if pgp Opp is an integrable function in the two dimensional variable (E, E').

5. The Gamow functionals

If the pair {Hy, H} produces resonances, these are manifested as pairs of poles of the same
multiplicity in the analytic continuation of the S-matrix in the energy representation [10]
or the reduced resolvent [14]. Both are complex functions of the energy considered as a
complex variable and, under very general conditions [14], have poles located at the same
points. These poles may have arbitrary multiplicity and appear into complex conjugate pairs
of the same multiplicity, although only simple resonance poles yield exponentially decaying
Gamow vectors [25]. Thus, let us assume that we have a pair of resonance poles located at
the points zp = Ex —il"/2 and its complex conjugate z;. Within the above formalism is quite
easy to define the decaying Gamow functional.

7 These operators are continuous linear mappings from ®* into (®%)*. Therefore, they are a generalization of the
usual notion of operator as a linear mapping on H.

8 We assume asymptotic completeness [21]. Therefore, Q- are unitary operators between the absolutely continuous
subspaces of Hp and H.
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For any function € Z, the functional §; maps ¥ (FE) into its value at z, ¥ (z). If ¢ is
another function in Z, the tensor product §; ® §, maps the function ¢ ® ¢ into ¥ (z)¢ (z').
Then, we define the decaying Gamow functional as

o0 o0
o = / dE / dE'S.; ® 5., (EE™. (32)
0 0

This is obviously an element of A, the dual of the algebra A,. Note that (pp)g = 0 and
(Pp)EE = 873 ® &, The action of pp on O € A, is given by

(pp|0) = Oz 4. (33)
The functional pp has the following properties: (op(0) = pp)

(pp()|0) = / dE/ dE’ 523 . Oppr el (E=E) _ ait(z5=20) OZ3 0
0 0
=e " 0y, =¢"" (pp|O) (34)

where zo0 = Eg — ig, being Ey the resonant energy and I' the mean life. We observe that pp
decays exponentially for all values of the time. Other properties of pp are

(pplI") =0 (35)

where [ * is given by
I"'=Q. 19 = / |E*Y(EY|dE
0

and’ [ is given in (16)
(pp|H") =0, n=0,12,... (36)

where
o0
H" = / dE E" |E").
0

We can choose the functions O and Ogg in such a way that the evolution pp(¢) for the
Gamow functional is either valid for # > 0 only or for all values of time. In the latter case, the
evolution law is not given by a semigroup and this eliminates the problem of fixing the time
t = 0 as ‘the instant at which the preparation of the quasistationary state has been completed
and starts to decay’ [10, 26]. In the former case, Ogg cannot belong to a class of entire
functions on the variables E E’, as discussed later.

In summary, the Gamow functional pp has the following properties:

1. It is linear and continuous on the algebra A, .

2. It is positive, i.e. (pp|(0OH)TO*) > 0.

3. Equation (35) shows that the functional pp does not admit a normalization'®. A quantum
state is defined to be a linear functional on an algebra, containing the observables of the
system, which is continuous, positive and normalizable. As pp is not normalizable, it is
not a state in the ordinary sense. In addition, equation (36) shows that the mean value
of all powers of H on pp vanish. This is another argument to conclude that pp does not
represent a truly quantum state.

9 Observe that /" is the canonical injection from ®, into <I)I. See footnote 3.
10 Should we have (pp|I*) = a 0, we could still normalize the functional as pp /a.
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Along the decaying Gamow functional there is the growing Gamow functional ps which
is defined on A_ as

o0 o0
PG = / dE / dE' 8, ®8;: (EE"™|. 37)
0 0

The growing Gamow functional pg has the following properties:

1. The mean value of O~ in p is given by

(IOG|0_) = Ozuzz‘ (38)
2. It grows exponentially at all times
(pc(]07) =e" (pg|07) 39)

with pg = pg (0).
3. It is not normalizable

(pl ) = 0 1—=/0 \E-)(E"|dE. (40)

4. The mean value of the energy on pg is zero

(oG|H") =0, n=0,1,2,.... 1)

The relation between the algebras A, and 4_ is given by the time reversal operator 7. In
fact , we have T|E®) = |EF), T®* = &7 and T|¢*) = |¢T) [27], so that

(EF|T|¢pT) = (E*|¢™) = (E|¢p) = (EF|$T) (42)
where |¢) := Q' |¢p") = Q7' |¢7) and |[E) = Q' |E*) = Q' |[E7) [15]. Therefore,
(EX|T = (EF|. (43)

Therefore, if
o0 o0 o0
0*:/ dE OglEi)(Ei|+/ dE/ dE' Opp |EX)(E™*
0 0 0
we have that
o0 o0 o0
ToiT=/ dE0;|E¢><E3F|+/ dE/ dE' O} |[ETVWET|  (44)
0 0 0

(we recall that Ta|n) = «* T'|n)). Thus, we obtain

The relation (44) implies a relation between pp and pg, provided that we redefine the
algebras A.. In the new A, the functions Og are now polynomials on the complex variable
E. In the new algebras A, the functions Ogg will be different for .4, and for .A_. For A,
Ogg is of the form (4) with

Vi(E) € SN'H? $;(E'y e SNH> ij=1,2,... (46)

where S is the Schwartz space'! and H* are the spaces of Hardy functions on the upper half
plane and the lower half plane. Hardy functions are analytic in their respective half planes and
their boundary values on the real line are square integrable functions (see appendix). Thus,
Opp €8N Hi ® SNH2 in the algebraic sense.

! Functions in S are indefinitely differentiable at all points and they and their derivatives go to zero at +00 faster than
the inverse of any polynomial.
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For A_, Oy is of the form (4) with
Vi(E) e SNH~ $;(E)e SNH2 ij=1,2,... 47)

Thus, Opp € SNH: ® S N H2.

Nothing in the formalism presented so far changes with this choice except the topology
of the algebras (plus the irrelevant fact that we now have two isomorphic .4 algebras; it is not
necessary to insist in this point). However, this choice has an interesting property: the time
reversal of pp is pg and vice versa.

Before discussing this interesting point, it is important to remark that if Ogp €
SNH>® SN H, then e E) O € S N H2 ® S N H if and only if ¢ > 0.
The proof is given in the appendix. Analogously, if Ogp € S N H?2 ® S N H2, then
e"E=E) Opp € SNH2 ® S N H? if and only if # < 0. Thus, the time evolution for pp
makes sense for ¢ > 0 only and time evolution for p; makes sense for # < 0 only. Exactly as
it happens with the Gamow vectors defined in [15].

Let us come back to the time reversal of the Gamow functionals. For pp the time reversal
operation is defined as

(pplO7) = (pp|TOT). (48)
Since
o0 o0 o0
T0°T = / dE O} |E)(E"| +/ dE/ dE' O%p|ETVE™| (49)
0 0 0
we have
(pp|TO"T) = 0. (50)
Observe that, with this new definition,
Orp =Y ¢i(E)Y;(E") (51)
ij
(the coefficients A;; in (4) can be absorbed by the functions ¢; (E) v/;(E’)) with
pi(E)e H2 NS Vi (EYeH2NS. (52)
After the properties of Hardy functions [33], we have that
o (E)ye H2NS YIE)YeH NS (53)
and'?
@7 (%) = ¢i(2) Vi) = ¢;(2"). (54)
Thus,
O%zo = Z‘pz*(z(g;) w]* (z0) = Z‘pi (zo) ¥, (Z;) = Oznz§~ (55)
ij ij

We conclude that for arbitrary O~ € A_ we have

(pplO7) = Oz = (pG|07). (56)
Thus

oh = PG- (57)
Analogously,

P& = Pp. (58)

12 This property is not true in general if ¢; (E), Yi(E') e Z.
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We observe that the decaying Gamow functional and its mirror image act on different
algebras.

It is a belief that resonances are irreversible systems and also that there exists a
microphysical arrow of time in processes like quantum decay [12, 28, 29]. This belief is
expressed into mathematical form by choosing the test spaces &= for the Gamow vectors so
that time evolution is defined for the decaying Gamow vector | fy) for # > 0 only [15]. With our
second choice for the algebras A a similar situation occurs as the evolution group splits into
two semigroups and therefore, this picture may also be valid as a mathematical formulation of
irreversibility in decaying systems.
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Appendix

This is a mathematical appendix in which we shall construct explicitly the algebras .4y and
A and their topologies. Due to the simple relation between these algebras, it is sufficient to
construct Ag. For this we have two possibilities: either the functions Oy are entire analytic or
are Hardy.

The former option is simpler and the construction is as follows: Let D be the space
of infinitely differentiable complex functions on the set of real numbers that have compact
support. The Fourier transform of a function in D is entire analytic [30]. Therefore, the space
of Fourier transforms of D, Z = F(D), is a space of entire analytic functions. This space
has its own topology [30, 32] and the product of two functions in Z is another function in Z
[30]. Furthermore, the product of a polynomial p(z) times f(z) € Z also belongs to Z, i.e.
p(2) f(z) € Z (which can easily derived from theorems 6.30 and 6.37 in [30]).

Then, O is a sum of a function in Z plus a polynomial. The two variable function, Ogg/,
has the form (4) with ¢; (E) and ¥;(E’) in Z. Then, Ogp € Z ® Z. To show that Ay is an
algebra, let us write

G::/ dEGE|E)(E|+/ dE/ dE' Gpp |E)E'|
0 0 0

where Gg and G ggr are as Og and Ogpg'. Then,

06 = {/DodE 0 |E)E] +/°OdE/°°dE’ Ocp |E><E’|}
0

X {/wdewlw) w|+/ dw/ dw’ Gy |w)(w|}

/ dE/ dw Of Gy |EY(E|w){w]

+/ dE/ dw/ dw' Of Guw |EVE|w)(w|
0 0 0
+/ dE/ dE’/ dw Opp Gu |E)(E'|w)(wl
0 0 0
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=/ dE Or G |E) E|+/ dE/ dE'Of Ggp |E)(E']
0

+ / dE / dE' Gy Opp |E)(E|
0 0

+/ dE/ dE// dw/ OEE’ GE/w/ |E>(w/| (59)
0 0 0

Now, OgGg is either a polynomial on E or a function in Z. The functions Og G gg and
G Ogg are of the form (4). Let us take the last integral in (43) and interchange £’ and w’
on it. We have

/ dE / dE' |E)E'| / dw Opw Gup. (60)
0 0 0

We can immediate see that the last integral in (60) is a function of the form (4). This shows
that 4y is an algebra. In order to define a topology on this algebra, we first note that .4,
considered as a vector space is the direct sum of three spaces

P+Z+2Z®Z (61)

where P is the space of polynomials on the complex variable E. Let us topologize P as follows:
consider the space of all functions f(E) € L*[0, o) such that

/0 p(E) f(E)dE < oc. 62)

This space is dense in L?[0, co). For each function f(E) of this kind, we define on P the
following seminorm:

95k (p) = \//0 |p(E) f(E)I?dE + sup | p(E)| VpeP (63)

EeK

K being a compact set in C.
The topologies in Z [30] and in Z ® Z [31] are standard, so that for any p(E) + Of +
Orp € P+ 2+ ZQ® Z, atypical seminorm 7 is of the form

n(p(E) + Op + Ogr) = q5x(p) +q(Op) +1(Ofgg) (64)

where ¢ is a seminorm in Z and r a seminorm in Z ® Z.

Observe that not all quantum pure states are now allowed but only those satisfying
(63). This is quite natural as condition (63) is fulfilled by the states in the domain of
H'.,n=0,1,2,...only. Asimilar restriction is required for mixtures.

Now, the topology on the algebras A goes exactly as for Ay, since these algebras are
isomorphic by construction.

Functionals as (E*|, (EE’| and pp are continuous in A, as (E~|, (EE'"| and pg are
continuous in A_. The proof is technical and we omit it here.
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The second possibility for the algebras .44 has been already presented (see formulas (46)
and (47)). We want to add a few remarks.

1. A Hardy function ¢ (z) in the upper half plane
Cr={z=x+1iy y > 0}

is a complex analytic function on C* such that

sup/ |¢(x+iy)|2dx =K < 0.

y>0 0

The function ¢ (z) has boundary values on the real axis that determine a square integrable
function ¢(x) with

/Oo lp(x)[*dx < K.

A Hardy function on the upper half plane is uniquely determined by the function of its
boundary values on the real axis [33-35]. The space of such functions is denoted by >
and we have that 2> C L?(R). A similar definition goes for Hardy functions on the lower
half plane. The space of these functions is denoted as H> . We have that [33-35]

H2 @ H: = L*(R).

2. The algebra A is now isomorphic to P+ (H3. N ) ® (H2 N S) and its product is defined
as in (59). The topology in H% N S is inherited from § [15].
3. Let Ogp € SN'H2 ® SN H2. Then

eit(E—E’) OEE' — Z eilE(pi (E) e—ilE’wj (E/)
ij
Ift > 0, e'Eg(E) € SNH?, if gi(E) € SNH2. Also, e "E'yr;(E') € SNH2, if
Yi(E)eSn H2 [15]. Both properties are true if and only if # > 0 [15].
Finally, let us prove that O(OF) commutes with Hy(H), if and only if Ogg = 0.

Hy0 = [/Do dEE|E)(E|:| [/OodE’ Op |E')(E|
0

0
+/ dE’/ dE” OEfEulE’)(E”|:|
0 0
= / dE/ dE'E O |EY(E|E")(E'|
0 0
+/ dE/ dE’/ dE" E Opipr |EY(E|EY(E"|. (65)
0 0 0
Since (E|E') = §(E — E'), (65) finally gives
o0 oo oo
HyO =/ dE EOg |E)(E| +/ dE/ dE" E Oggr |EY(E"|.
0 0 0
We analogously prove that

0H0=/ dEEOE|E)(E|+/ dE/ dE" E Oprg |E")(E|
0 0 0

=/ dEEOE|E)(E|+/ dE”/ dE E" Ogpr |E)E"]. (66)
0 0 0
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Therefore, H)O = OH, if and only if EOggr = E”Oggs. This implies that
(E — E")Oggr = 0 and since Oggr is nonsingular, we conclude that Ogg» = O.
Reciprocally, if Ogg» = 0, then, Hy and O commute. Therefore, an operator O commutes
with Hy if and only if Ogg» = 0. As in the general case, Ogg» #= 0, we conclude that Ay
is a noncommutative algebra. The same result is obtained if we replace Hy by H and Ay
by Al
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